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Exercise 6

1. Find the tangent hyperplane passing the given point P on each of the graphs:
z=12%—y% P(2,-3,-5).
x
y=z—-log—, P(1,1,1),
z

w =sin(z? + 72); P(0,1,1,0) .
2. Find the tangent plane and the normal line of each of the surfaces at the given point:

(a)

zy? —y2? +6xyz=6, P(1,1,1).

(b)

yz—e™tt =0, P(1,-1,1).
You should verify that it is a surface near the given point first.
3. Use implicit differentiation to find
(a) v and y” for 22 + 22y — y? = a?.
(b) ¥ and y" for y — dsiny ==z, € (0,1).

The solutions are allowed to depend on y.

4. Use implicit differentiation to find the first and second partial derivatives of z = z(z,y):

(a)
r+y+z=¢€",

(b)
sin(x +y) —6cos(y +2) =x .

5. Find all first and second partial derivatives of y = y(x, z) satisfying
22y — 6y*z + 122 =8,

at (1,1, —1).

6. Find the condition that z can be viewed as a function of x, y in the relation F(zz,yz) = 0.
Then find z, and z4,.

7. Let ® be a function defined on the intersection of the zero set of two functions
9(z,y,2) =0, h(z,y,2)=0.
Write down the condition that the intersection can be parametrized by x. Then find Ir
x

A2

and@ .
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8. Explain why each of the following system defines a curve v(z) = (x(2),y(z),2) in R® and
then find the first derivatives of ~:

(a)
z+y+2=0, x+y2+z4:1,

(b) .
x2—|—y2:§z2, r+y+z=2, at(l,-1,2).

9. * The spherical coordinates are given by
x=rcosfsiny, y=rsinfsing, z=rcosp,

where
r>0, 0€][0,2r), ¢e€][0,7].

(a) Give a geometric interpretation of this coordinates.
(b) Show that

z
r=+z%+y>+ 22, 9:arctang, and = arccos — .
xr T

(c) Express f, and f, in terms of f,, fp, and f,.

(d) * Show that the three dimensional Laplace equation
St ast =0,

in spherical coordinates is

190 TQal + ! 62f+ L 9 sin of =0
r2 Or or r2sin p 902 r2sinp dp S08«,0 S

10. * Let

Find yz, 22, Yzx and 2y

11. * Let
v )
T =ucos—, Y =usin— .
U U

Find g, uy, ve, vy. Justify the inverse function exists first.



